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Theory
• Kohn-Sham Density Functional Theory

In KS-DFT, the many-body Schroedinger equation describing a complex
quantum system is replaced by a simpler one-body equation
describing a fictitious system of non-interacting particles.
The energy of a system with electron-density 𝜌 is then given as

𝐸 𝜌 = 𝑇𝑠 𝜌 + ∫ 𝑑𝑟 𝑣𝑒𝑥𝑡 Ԧ𝑟 𝜌 Ԧ𝑟 + 𝐸𝐻 𝜌 + 𝐸𝑥𝑐[𝜌] (1)

In practice, the exact form of the exchange-correlation (xc)
energy 𝐸𝑥𝑐[𝜌] is not known and several approximations that differ in
accuracy and computational cost are being used.

• Machine learning 𝑬𝒙𝒄
We show that a ML model can be trained to predict this xc-energy and 
subsequently used in self-consistent DFT calculations. The model input 
(features) is created by projecting the electron-density in real-space onto 
a set of atom–centered orthonormal basis functions 𝜓𝑛𝑙𝑚( Ԧ𝑟)

𝐶𝑛𝑙𝑚
𝐼 = ∫ 𝑑𝑟 𝜌 Ԧ𝑟 − Ԧ𝑟𝐼 𝜓𝑛𝑙𝑚

∗ Ԧ𝑟 . (2)

Instead of learning the full xc-energy we fit the model to the difference 
between a reference (ground-truth) value and the energy obtained 
from a cheap baseline calculation. This is commonly known as Δ-learning.

𝐸𝑁𝑋𝐶 𝒄 𝜌 = 𝐸𝑥𝑐
𝑟𝑒𝑓

𝜌 − 𝐸𝑥𝑐
𝑏𝑎𝑠𝑒 𝜌 (3)

and subsequently used in self-consistent DFT calculations where it 

predicts ground state properties.𝐶𝑙; 𝑗𝑎𝑠𝑑𝑓𝑘𝑙𝑗; 𝑙
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Figure 1. Behler-type neural 
network used to fit the xc-
energy. The energy is implicitly 
decomposed into atomic 
contributions ensuring 
permutation symmetry. (from 
[4])
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• Solving the many-body problem in quantum mechanics requires the
use of approximate methods

• These methods come in several flavors that differ in accuracy and 
computational cost (one usually increases with the other).

• For small molecules, highly accurate, explicitly correlated methods 
such as coupled cluster are usually feasible

• For larger systems (or 
longer timescales,) 
these become too 
expensive and one has 
to revert to using faster 
low-level 
approximations.

• Our idea: Increase the 
accuracy of these
approximations with 
machine learning 
(without losing
performance, sacrificing
some transferability)
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• Datasets
Benzene, Toluene: 1000 training points , 500 test points, Baseline
method: PBE(DZP), Reference method CCSD(T), obtained from [1].
Water: 800 Monomers, 2000 Dimers, 1500 Trimers, 50 Hexamers
split into 80:20 train/test-ratio. Baseline method: PBE(DZP),
Reference method: MB-pol [2, 3, 4].

• Data efficiency
As our model makes use of all physical symmetries present in the
system (rotational, permutational, reflection) it can reach high
accuracies in spite of small training sets (see Fig. 2,3). This is
particularly advantageous if reference calculations are costly, as is
the case for coupled-cluster.

• Transferability
As the model only sees the electron density, it is relatively 
indifferent to structural information about the molecules. Thus, a 
model trained on Benzene is still valid to some extent for Toluene 
(see Fig. 2). This transferability is one of the core strengths of 
NeuralXCs, as it suggests that a universal machine learned 
functional could be achievable.  

d subsequently used in self-consistent DFT calculations where it 
predicts ground state properties.𝐶𝑙; 𝑗𝑎𝑠𝑑𝑓𝑘𝑙𝑗; 𝑙• Size extensivity & Molecular dynamics
To go beyond mere energy predictions we trained a 
model on small water clusters (up to hexamers) and 
then used it to simulate liquid water in a periodic box at 
room temperature and experimental density with 
molecular dynamics.  
Figure 4 shows that the over-structured features that 
PBE is known to produce for water are corrected by our 
NeuralXC and results close to experiment can be 
obtained. Beyond showing that forces are correctly
predicted this proves that the model is size extensive, 
meaning that it can extrapolate to system sizes not 
contained in its training set.

Figure 2. Mean
absolute error (MAE) 
in meV on test set 
w.r.t. the number of 
training points used.
The model was 
trained on Benzene 
(blue) only but an 
improvement in 
accuracy can be seen 
for Toluene as well.

Figure 3. Parity plot 
for Benzene-model 
trained on 10  
samples (shown in 
orange). Energies are 
given in eV.

Figure 4. Radial 
distribution function 
(oxygen-oxygen pair 
correlation) for liquid 
water at 300K. 
Experimental results 
(shown in red) were 
obtained from [3].

Results
• We successfully trained a ML-based density functional that 

lifts PBE to the accuracy of a higher level method.
• Once trained, the network can be used at small additional 

computational cost.
• It respects physical symmetries and conserves energy 
• First results on transferability suggest that a nearly universal 

NeuralXC should be within reach.
• It remains to be seen whether NeuralXCs can correct 

observables that go beyond ground-state properties
• We are currently working on an implementation for SIESTA, 

which will be available under a public license.
• The implementation will be modular and as general as 

possible, allowing the user to interface NeuralXCs to their 
choice of ESC and introduce custom basis functions and ML-
pipelines.

Conclusion
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Figure 5. Top: Code structure showing transformers (their base classes) as shaded boxes and the methods they have to implement as connected bubbles. 
Bottom: Workflow showing how the electron density sent by the electronic structure code is propagated through the model in order to obtain the machine 
learned potential V(r).

The code is organized in a highly modularized way with an interface that can 
be accessed from any external electronic structure code (ESC). The central 
driver “NeuralXC” contains instances of transformers/estimators that are the 
key elements of the overall workflow and whose responsibilities are defined 
as follows:

• DensityProjector
The density projector receives the electron density n(r) 
and projects it onto a set of user defined basis functions, resulting in 
coefficients {C}.

• Symmetrizer
The symmetrizer transforms the coefficients {C} into rotationally invariant 
descriptors {D}.

• MLPipeline
Resembles a scikit-learn machine learning pipeline in the sense that it has 
to implement a fit and predict method. In addition, the derivative of the 
pipeline output w.r.t. to its input has to be obtainable.

Default options for these transformers are provided but custom classes can 
be used as long as the required methods are implemented.

Implementation
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