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This project studied the optimal routing for all-to-all concatenation for complete graph based on
MPI library. Former modeling and analysis does not take the topology structure of parallel machine
into consideration. We consider a new model in which the parallel machine is represented by
graphical networks. We further introduce theoretical bound of saturation to analyze if different
configurations of multi-port machine in different scales fail at some point in optimal all-t0-all
communication. The numerical experiment results, along with the theoretical proof and
direct calculation, showed that current all-to-all communication algorithm gives unfeasible
optimal solution, even for the best case. Thus the only way to find the optimal routing for
concatenation is in a topology-aware fashion. In the future, we will build a new model
considering the topology structure of the parallel machine and further analysis and
optimization will be based on the mew model.

Abstract

Introduction

Suppose the network is a graph ! ", $ , " = & and $ = *(*,-)
/ , thus the capacity of flow in the

graph is *(*,-)/ . We have proved the system has the following properties:

Property 1.1 A parallel machine with 0-capability should be configured with at least & ≥ 20 + 1
cores, otherwise the machine is saturated at the 1st step of concatenation.

Property 1.2 For a &-cores machine, concatenation takes at least &(& − 1) times of communications
when ! ", $ is complete.

Property 2 (Saturation) Given 0-capability, for any 0 ≥ 1, there will be saturated cases as & grows.
In particular, saturated cases show periodically w.r.t. the number of layers in the minimum spanning
tree(MST) for optimal routing.

Property 2.1 (Corner Cases) There will be network congestion at a given step 6 > 1 when & =
(0 + 1)8, 9 ∈ ℕ and cases around those &.

Property 2.2 (Bandwidth of Saturation) When 0 = 1, the bandwidth of saturation is 3; when
0 > 1 , the bandwidth of saturation grows as the number of layers of MST grows. In particular, for each
0 there is asymptotic bound of saturation ratio. Furthermore, this ratio grows as 0 grows and it goes to
1 asymptotically w.r.t. 0.

For modern parallel machines, current all-to-all concatenation algorithm in MPI library gives
unfeasible optimal solutions. This algorithm fails because it does not consider the topology of the
system. Both theoretical analysis and numerical results suggest that there will be congestion for all-
to-all concatenation of the current optimal routing. In particular, for multi-port machines, when 0 >
1 , the optimal routing is not feasible for most cases, especially for a system with large number of
nodes. Corner cases and the asymptotic bandwidth of saturation are also given to help identify
possible failures in concatenation. Since even for the complete graph case optimality is not feasible,
Bruck‘s algorithm can not give us optimal strategy for any general graphs , so are the modern super
computers.

Conclusions

Theoretically in the best case, the topology structure of a parallel machine is a complete graph.
Current all-to-all concatenation function in MPI library also assume that all cores are directly
connected. It choose specific algorithms based on the core numbers and file size. For the most
common case – short messages without restrictions on the number of cores, MPI_Allgather() use
the algorithm proposed by Bruck et al. in IEEE TPDS paper [1] to find the optimal/sub-optimal
routing. This algorithm is based on the Minimum Spanning Tree (MST) of each single node and
calculating the isomorphic indexing for different cores. However, this structure may neglect the
capacity of the graph (in the extreme case, a complete graph) and potential conflict in the routing.
So we build a topology-based new model to analyze the feasibility of the theoretical optimal routing.

Difficulty in modeling and analysis
• In general we need to consider different types of topology structure
• Exact flow in communication is difficult to track, so is the possible congestion

Objectives
• Build a topology-aware model for parallel communication
• Analyze the optimal routing for the complete graph (best) case for different configuration in

different scales
• Find the possible way to build the exact model and give objective function
• Analyze the model function for solvability and construct solution method

Numerical Results

Theoretical Analysis

We design an algorithm to calculate the max flow in concatenation for different size of systems and
different multi-port capabilities. For different multi-port capability settings, we calculate the flow
size in different steps of concatenation as the size of system (number of nodes in graph) grows. Then
we calculate for each system, what is the max flow size in concatenation and compare it with the
max-flow capacity of the system (number of edges in the graph). If the max flow size of
concatenation is greater than the system capacity, where will be saturation at a certain step, which
means that the optimal routing by MPI is not feasible.
Note that we do not need to check the specific routing calculated by the algorithm. As long as the
demand is greater than the max possible capacity, it is easy to notice that the routing is not feasible.
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O(1e-2) 61% 76% 83% 87% 89% 91% 92%

4-layer(27 nodes) MST when k=2A Complete Graph with 27 Nodes

Next we will build new topology-aware models for all-to-all concatenation based on scheduling
models. Then we will analyze the case of multi-port system in the complete graph case to find out if
there is a theoretical optimal routing or analytic bounds for sub-optimal routing. Or if the objective
function is a hard problem to solve, we will prove the hardness of the problem and construct
feasible approximation algorithms.
In the long run, we will consider the general cases, especially typical graphs used for modern super
computers and the next-gen machines for different configuration and different size.

Future Work
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Normal scale plot of flow calculation when k=1,2
Numerical results coincide with the earlier theoretical analysis. That is for all multi-port capabilities,
there will be saturation for certain cases as the size of system grows, i.e. at size around " =
(0 + 1)<. Numerical results further suggest that when 0 > 1, the bandwidth of saturated cases also
grows as the size of system grows.

Log-scale plot of flow calculation when k=1,8

We further study the portion of
saturated cases for different
multi-port capability k as the
system size grows. N umerical
results suggest that when 0 > 1,
there are asymptotic behaviors of
the saturation ratio. And this
asymptotic ratio grows as k grows.
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Theoretical Analysis
We consider a parallel machine for different settings of multi-port machine with 0 -capability
(send/receive 0 messages at the same time, 0 ≥ 1), under the assumption that the network of the
system is a complete graph.
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