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Objectives & Contributions

How is the hypothesis space of a phonological learner structured, and how does the learner use this
structure to generalize from examples? Recent work on model-theoretic phonology shows that partic-
ular phonological representations and relations play a large role in learning properties of well-formed
structures. Here we show:

• identifies a generality relation over the space of possible constraints, which partially orders the space,
establishing a semi-lattice structure.;

• state precisely the desiderata for a constraint to ”be responsible”;

• show how these relational criteria may be exploited to learn the correct set of linguistic constraints.

1 Representing Strings

A model signature for words defines a class of relational structures S, each of which can be interpreted
as a possible word, or as “part” of some possible word, as in the relational structures Sant and SNT:

Word Models for Strings
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In Sant, the domain D = {1, 2, 3} and the binary order relation is given by the successor relation
(C). As indicated by the labeled arrows connecting the nodes, only the pairs (1, 2) and (2, 3) belong
to this relation. The phonological features are unary relations

The Factor Relation
Structure S1 is a factor of (v) S2 provided there exists a function h which maps every element in
D1, the domain of S1, into D2, the domain of S2, such that for all n-ary relations R ∈ R and all
n-tuples of elements of D1, it holds that if R1(x1, . . . , xn) then R2(h(x1), . . . , h(xn)) (Danis et al.
2018). S1 is a k-factor of S2 provided S1 v S2 and S1 is of size k.

2 A Semi-Lattice of Constraints

A structure S can be interpreted as a constraint. Any structure containing S as a factor violates the
constraint. This means:

• the space of structures S is the space of constraints

• The Factor relation (v) provides a partial order over this space via the ”greatest lower bound” of of
S1 and S2,

•A grammar is a finite set of inviolable constraints (structures) in a semi-lattice, and G denotes the
space of possible grammars.

• The language of the grammar is all the structures which do not contain any of the constraints as
factors.

The Generality Relation
For all grammars G1, G2 ∈ G, G1 is more general than G2 (written G2 � G1) whenever
L(G2) ⊆ L(G1).

1. Consider G1, G2 such that G1 ⊆ G2. So G2 forbids all the factors G1 does and maybe more. It
follows that L(G2) ⊆ L(G1) so G2 � G1. In words, if G1 forbids fewer factors then G2, then G1
is more general than G2.

2. Consider G = ∅. This hypothesis contains no forbidden factors. Thus, L(G) = S. It follows that
for all G′ ∈ LG we have G′ � G. In other words, G is the most general hypothesis in G.

3 Defining the Learning Problem
On what grounds can the learner prefer one hypothesis over another? We identify hypotheses G ∈ G
using a set of Quality Criteria (De Raedt 2008):
1. whose largest forbidden factor is of size k;
2. which cover the data, i.e. D ⊆ L(G);
3. which are more specific than all the other hypotheses G′ that cover the data, i.e. G � G′;
4. which forbid structures S that are factors of structures S′ forbidden by other grammars G′ that also

satisfy (1) and (2), i.e. for all S′ ∈ G′, there exists S ∈ G such that S v S′.

The Subregular Hierarchy
Suppose we observe in a language [+N,+V,+C] (voiced nasal consonants), [-N,+V,+C] (voiced non-
nasal consonants), [-N,-V,+C] (voiceless nonnasal consonants), and [-N,+V,-C] (voiced nonnasal
vowels), as is typologically most common, and none of the others. What constraints ought to be
posited?

Since the observed feature combinations are licit, it follows that the feature combinations they con-
tain are also licit. Therefore, one can remove from consideration as constraints all points in the
lattice which are contained in some observed form.

In this case, positing *[+N,-V] (voiceless nasals), *[+N,-C] (nasal vowels), and *[-V,-C] (voice-
less vowels) has the intended effect of accounting for the absence of the four unobserved feature
combinations.

4 Anti-Monotonicity

Monotonicity and Learning

The generality relation imposes a useful structure on the search space provided that the quality
criterion involves monotonicity or anti-monotonicity. (De Raedt 2008).

MDL Learning from Positive Data
Our Quality Criteria are anti-monotonic. This means

1. if a grammar G satisfies Q, then any grammar more general than G also does.

2. if any grammar G does not satisfy Q then any grammar more specific than G will not either.

Thus, learners can employ the generality relation (�) as a basic operation to prune the hypothesis
space, and arrive at the correct constraints.

5 Next Steps

Specify algorithms with the following criteria

• Satisfy the Quality Criteria

•General-to-Specific

• Specific-to-General

Test on linguistic corpora

• Compare with current purely statistical constraint learning algorithms.

Conclusion

We showed that phonological representations are naturally structured in a way that provides a generality
relation which learners can use to effectively prune and search the space of constraints. By exploiting
the structural generalizations present in the hypothesis space, a learner may exploit the structure of
the space to induce constraints defined in terms of features. Precisely identifying the efficiency of the
learning algorithms is ongoing, as is a precise comparison to other models of constraint induction.

References
[1] Nick Danis, Jeffrey Heinz, and Adam Jardine. How constraints refer to nothing: The correct notion of substructure for phonology, 2018. Poster

presentation at the 2018 Annual Meeting of the Linguistic Society of America.

[2] Bruce Hayes and Colin Wilson. A maximum entropy model of phonotactics and phonotactic learning. Linguistic Inquiry, 39:379–440, 2008.

[3] Bruce Tesar. Output-Driven Phonology. Cambridge University Press, 2014.

[4] Jeffrey Heinz. Learning long-distance phonotactics. Linguistic Inquiry, 41(4):623–661, 2010.

[5] Jeffrey Heinz. String extension learning. In Proceedings of the 48th Annual Meeting of the Association for Computational Linguistics, pages
897–906, Uppsala, Sweden, July 2010. Association for Computational Linguistics.

[6] Luc De Raedt. Logical and Relational Learning. Springer-Verlag Berlin Heidelberg, 2008.

[7] Kristina Strother-Garcia, Jeffrey Heinz, and Hyun Jin Hwangbo. Using model theory for grammatical inference: a case study from phonology.
In Sicco Verwer, Menno van Zaanen, and Rick Smetsers, editors, Proceedings of The 13th International Conference on Grammatical Inference,
volume 57 of JMLR: Workshop and Conference Proceedings, pages 66–78, October 2016.

[8] Herbert B. Enderton. A Mathematical Introduction to Logic. Academic Press, 2nd edition, 2001.

[9] Leonid Libkin. Elements of Finite Model Theory. Springer, 2004.

[10] Jeffrey Heinz, Anna Kasprzik, and Timo Kötzing. Learning with lattice-structured hypothesis spaces. Theoretical Computer Science, 457:111–
127, October 2012.

[11] Kristina Strother-Garcia. Imdlawn Tashlhiyt Berber syllabification is quantifier-free. In Proceedings of the Society for Computation in Linguis-
tics, volume 1, 2018. Article 16.


