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Goals for this talk
(a) to present information theory-based tools for quantifying error, and
model sensitivity,

(b) to derive coarse-graining schemes in a systematic manner,

(c) to understand the validity regimes of existing coarse-graining methods by
developing a mathematical and statistical error analysis,

(d) to explain parameterized effective dynamics for non-equilibrium systems,

(f) to present coarse-graining as a computational tool.
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Outline

» Model errors and sensitivity

» Role of relative entropy and relative entropy rate

» Error and sensitivity bounds

» Coarse-graining stochastic particle systems: Equilibrium
» Non-equilibrium steady states.

» Minimizing the error and parametrization CG models

» Coarse-graining and acceleration of MC simulations

» Benchmarks
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Coarse-graining of Stochastic Processes

General task
. Large-dimensional configuration/phase space ¢ € &

. Stochastic process {X:}+>o, i.€., probability measure u:(dX)
. Observable ®: ¥ - R
. Compute/estimate E,, [®(X;)]

W NN =

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Coarse-graining of Stochastic Processes

General task
Large-dimensional configuration/phase space ¢ € &

Stochastic process {X;}+>0, i.€., probability measure p:(dX)
Observable ® : & — R
Compute/estimate E,, [$(X¢)]

L

Reduce number of degrees of freedom (DOFs)
Projection on a smaller space: T:Z - &, E=S@ %
Coarse-grained Stochastic process: {Y:}iso, i€, Ae(dy)
Coarse observable: ¢ : & — R
Compute: Ej,[$(Y?)]

Estimate the error: |E[®(TX;)] — Ez, [®(Y3)]], R (/e || 1)

MR
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EXAMPLES

» Surface chemistry: microscopically active interface of boundary layer
interacting with bulk (fluid) phase, pattern formation on surfaces.

» Magnetic elements: efficient simulation of mesoscopic inhomogenities in
the presence of noise, external field varying on micron to cm scales,
self-assembly, magnetic domains in thin films, nucleation and reversal
processes in magnetic particles.

v

Polymeric fluids: constitutive relations from microscopic models (e.g.,
FENE-type) coupled with fluid dynamics at the macroscopic level
(continuum mechanics PDEs).

v

Stochastic phase-field models: solidification, dendritic growth in alloys,
phase transformations in solids.

v

Atmosphere/Ocean interactions: tropical convection, subgrid phenomena

v

Cell biology: epidermal growth factor binding/dimerization
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Computational challenges and mathematical questions

» Disparity in scales and models: DNS require averaging of large systems
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Computational challenges and mathematical questions

» Disparity in scales and models: DNS require averaging of large systems

» Model reduction: no clear scale separation lead to hierarchical
coarse-graining

» Closures — stochastic vs deterministic: when is randomness important ?

» Construction of effective potentials, forces.
» Numerical analysis:

1. error control, stability, consistency
2. allocation of computational resources: adaptive grids, model refinement.
3. parallel computing
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Desired properties of coarse-graining algorithms

» Compress long-range interactions, decrease number of DOFs, fast
evaluation of interactions.

» Coupling with meanfield models when fluctuations are not important.

v

Correct energy transport between different scales.

v

Larger time-steps, simulations over longer time scales.

v

Allow for large length-scale simulations and long time scales

Correct statistical mechanics limits.

v

v

Retain the correct noise of microscopic models (nucleation, phase
transitions, switching etc are properly modelled at larger scales)

v

Mathematical analysis is possible in order to assess and control errors.
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Model error and sensitivity

Two probabilistic models P and @ on the common measurable space (£2, B)

Our applications: reaction networks, spatially heterogeneous chemical kinetics,
molecular systems at equilibrium or with non-equilibrium steady states

Inspired by works:
D. Giannakis, A. J. Majda I. Horenko, Physica D (2012)
A. J. Majda, B. Gershgorin, Proc. Natl. Acad. Sci. (2011)

A. J. Majda, B. Gershgorin, Proc. Natl. Acad. Sci. (2010)
extend empirical information theory techniques for path-space application in

» Discrimination between the two models — distance
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Model error and sensitivity

Two probabilistic models P and @ on the common measurable space (£2, B)

Our applications: reaction networks, spatially heterogeneous chemical kinetics,
molecular systems at equilibrium or with non-equilibrium steady states

Inspired by works:
D. Giannakis, A. J. Majda I. Horenko, Physica D (2012)
A. J. Majda, B. Gershgorin, Proc. Natl. Acad. Sci. (2011)

A. J. Majda, B. Gershgorin, Proc. Natl. Acad. Sci. (2010)
extend empirical information theory techniques for path-space application in

» Discrimination between the two models — distance

» Error for observables: |Ep[f] — Eglf]

v

Sensitivity under perturbations P% — Q = P9t
» Parameter identifiability in parameterized models P?

“Best-fit” for reduced models.
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Relative Entropy and R-projections

» Pseudo-distance (Kullback-Leibler divergence)

R(P[|@) = [ 10g (j—g) ap

for PK R, Q<R R(P||Q)= [prlog (%) dR

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Relative Entropy and R-projections
» Pseudo-distance (Kullback-Leibler divergence)
dP
P = /1 — ) dP
R(PII@ = [106( 55 )

for P<K R, QKR R(P||Q)= [prlog (%) dR
» Properties: (i) R(P|| Q) > 0 and
(i) R(P||Q)=0iff P=Q ae.
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Relative Entropy and R-projections

» Pseudo-distance (Kullback-Leibler divergence)

R(P[|@) = [ 10g (j—S) ap

for PEK R, QKR R(P||Q)=fpﬁ10g(€—ﬁ) dR

» Properties: (i) R(P|| Q) > 0 and
() R(P||Q)=0if P = Q a.e.

» R-geometry of probability distributions B(R,p) = {P||R(P]|| R) < p}
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Relative Entropy and R-projections

» Pseudo-distance (Kullback-Leibler divergence)

R(P[|@) = [ 10g (j—S) ap

for PEK R, QKR R(P”Q):prlOg(z_;) dR

» Properties: (i) R(P|| Q) > 0 and
() R(P||Q)=0if P = Q a.e.

» R-geometry of probability distributions B(R,p) = {P||R(P]|| R) < p}
R-projection on A convex, TV closed, ANB(R, p) # 0 (Kullback, Csiszar)

R(QIR)=minR (P|| R)
> “Geometry”: tangent hyperplane to B(R,p) at Q, p=R(Q || R)
aQ
Pst. [lgS2dP=p, R(P||R)=R(P|Q)+R(QlR)
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Relative Entropy and R-projections

» Pseudo-distance (Kullback-Leibler divergence)

R(P[|@) = [ 10g (j—é) ap

for PK R, Q<K R R(P”Q):fpﬁl()g(g_:) dR

» Properties: (i) R(P|| Q) > 0 and
() R(P||Q)=0if P = Q a.e.

» The “best fit” in relative entropy: mingc 4 R (R || @)
modeling error + numerical error + statistical error
Modelling error~ R (P || Q) ~ €
Bounds on the weak error:

[Ep[f] - EQlfll < Cr2(R(P|| Q)
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Bounding the approximation error
modeling error
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Bounding the approximation error

modeling error 4+ numerical error
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Bounding the approximation error

modeling error + numerical error + statistical error

Csiszar-Kullback-Pinsker inequality:

1P = Qllrv < V2R (P|| Q)
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Bounding the approximation error

modeling error + numerical error + statistical error

Csiszar-Kullback-Pinsker inequality:

1P = Qllrv < V2R (P|| Q)

x2-divergence:

P 2
¢l - [(f5-1) 4@ tP<a,
Property:

R(PIQ)<Xx*(P|lQ).

CG: Error Quantification and Parameterization using RE in molecular simulations:
Katsoulakis, P.P. Sopasakis (2006), M.S. Shell (2008), Katsoulakis, P.P., Rey-Bellet,
Tsagkarogiannis (07, 08, 09, 13), M.S. Shell (08,12), Bilionis et al (2012), Zabaras et
al (2013) ...
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Two bounds:
x2 bound:

[Ep[f] — Eqlf]l < y/Varolflvx® (Pl Q)
\EQ[f}—lEp[f]\—|/f 1—— dQ| |/f 1—— ) dQ - JEQf]/ 1—— dQ|

:|/(f—EQLf])(1f—Q)dQ

1/2 1/2
< (_/(J‘JEQD‘])2 dQ) ((17 %) ) = /Varglfly/x2 (P Q).
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Two bounds:
x2 bound:

[Ep[f] — Eqlf]l < y/Varolflvx® (Pl Q)
\EQ[f}—lEp[f]\—|/f 1—— dQ| |/f 1—— ) dQ - JEQf]/ 1—— dQ|

= |/(f*EQLf])(1*—Q)dQ
1/2 1/2
< (/(fEQLf])z d@) (1-25)74Q) " = VVarelflV* (P11 Q).

Csiszar-Kullback-Pinsker bound: ||P — Q||ltv < /2R (P || Q)

[Ep(d] — Eqld]l < [Ifllo V2R (P Q)
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Variational bounds

Variational characterization of the logarithmic moment generating function
Theorem

Let (Q,B) be probability space, f bounded measurable function on Q and
PecP(Q)

1 1

StogBele] = sup {Ealf]- IR(QIP)}

¢ QEP(Q) ¢
Corollary: For f — Ep[f]

1 1
Eqlf] — Ep[f] < - logEp[e®! ]+ “R (Q|| P)

Eolf] - Enlf] > —~ logEple U %)) - 2R (Q|| P)
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Aps(c) =logEp[ecVFrUD] = Sup, {c(Eqlf] —Ep[f]) - R(QII P)} .

Tight variational bounds [Chowdhary& Dupuis 2009]

sup{ ~¢hes(~0) = FR(QIIP)} < Bolf] - Balf] <

c>0

< {2hn0)+ 1R (@11 7))

c>0
Side remark: Let ¥ : R — R be a convex and such that ¥(0) = ¥/(0) = 0 and
Apj(c) = logEp[eV#PUD] < (),
and define \I’!i_(t) =infc>o {%(t + ¥(c)) } then

Eqlf] — Er[f] < ¥4 (R(Q[| P)).

Example: f = 1 4+ then Csiszar-Kullback-Pinsker inequality.
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Asymptotics

Lemma
Assume the cumulant generating function Ap f(c) = log Ep[ecf~ErlfD] exists
in a neighborhood of the origin and write p> = R (Q || P). Unique solution

c*(p) of

c>0 | C

(Pt {Zhesa fRQIP],

(P)  swp{-Lhas-c)- IR(QIIP)} .

c>0

Furthermore, c*(p) is C* in a neighborhood of p = 0 and admits the

expansion
2
c*(p)=cip+0(p?), ¢ = —-—. 1
(p) = cip+0O(p*), cf ”Varp[f] (1)
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Error estimate of the type:

[Ep[f] - Eqlf]l < Cr®(R (P Q))

Theorem

[Eq[f] — Ep[f]| < /Varp[f] V2R (Q | P) + O(R(Q]| P)),

O(R (P|| Q)) can be further quantified using the asymptotic expansions of ¢*(p).
dQ
R(QI1P) = [106( 52 ) 40
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Sensitivity Analysis — Methods — Background

» Stochastic Sensitivity Analysis:
» Observable-based:

> Finite difference: (biased, problems with variance)

0.0 = o Eplfl % (Sperelf] ~Bpelf])
S50, = ZEpolf] & (Bpprelf] - Epo-cl)

> pathwise methods (unbiased) [P. Glasserman (1991)]
3] 3]
—E[f:(8)] = E| —ft(6
2 wino) = E[ 2 0)]

» Likelihood ratio method (unbiased) [P. Glynn, Comm. ACM (1990)]:

5(6,t) = B%Epf [f] = /f(a:)Bng(:z:)dz = Eps [f0p log P?
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Sensitivity analysis — Methods — Background

» Stochastic Sensitivity Analysis (Cont’d):

» Density-based: Relative entropy, Fisher Information Matrix, Mutual
Information.

H. Liu, W. Chen, and A. Sudjianto, J. Mech. Des. (2006).
N. Ludtke et al., J. Royal Soc., Interface (2008).
A. J. Majda and B. Gershgorin, Proc. Natl. Acad. Sci. (2010).

» The PDF is assumed known, e.g. a Gibbs equilibrium ~ Ce —PH() or
Gaussian fluctuations.

» However, typically this is not the case in dynamics, non-equilibrium
systems, non-gaussian fluctuations, etc.
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Bounding sensitivity constant (robustness)

Sensitivity Syp(f) constant of the observable f
[Eps[f] — Epose[f]| = ;(8)e + ofe)

Computing directly the sensitivity of observables — difficult
Infinitesimal structure of R (P? || P?+¢):

1
R (P°|| P?*¢) = 5eTF(P")e +O(|e?)
Fisher Information Matrix (FIM):

9y, __ 610gp§610gp§ ]
F(P )zj—f 08, 86; deR
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Bounding sensitivity constant (robustness)
Sensitivity Syp(f) constant of the observable f

[Epslf] — Epore[f]] = S;(6)e + o(e)

Computing directly the sensitivity of observables — difficult
Infinitesimal structure of R (P? || P?+¢):

1
R (P°|| P?*¢) = 5eTF(P")e +O(|e?)
Fisher Information Matrix (FIM):

F(PY), = [ 25e2h e thpr dR

Theorem (Stability/Sensitivity bound)

Y Epesclf] ~ Esslf]] < v/Vares[71y/F(P?)
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Relative entropy on the path space

Markov chains on :
{Un}nEZ+; p9(o., UI); 9(0)

m
{&n}nEZ‘h f’g(o', UI); ﬁg(a)
Path measures:

Q°%(90,...,0um) = p°(00)p%(00,01) ... P (00 -1,01)
Radon-Nikodym derivative

? ? o (04,0011
dQ ({ 77,}) ( )Hzop(lv +)

4Q? A9 (00) [Ty #°(04,0i4)
Relative entropy
M-1 0 M—1 ¢
. Koo 1 p 04,04
R(Qgﬂ Qg) Z/ / ¥ (a0) [ ] p°(04,0441)log ~0( 0) nMol (00, 0011) 4
z z i=0 A8(o0) [ T2 PP(0i,0i41)

Petr Plechaé (UDEL)
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Relative entropy decomposition

M—-1

) 14 (00)
R(@19) = [ [0 [T (o8 e
z:Mfl1 D (0'“0'14_1) d d
i 1=0 % f’e(a'iva"ﬂrl) 7 i
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Relative entropy decomposition

R (°112°) / [ w0 e(ai,aiﬂ)(loggzgzi

1=M-1

[4
+ 1gu doo ... doy
— T p(on0u)

/E p(0,0')do’ = 1, / w(0)p(0,0") do = (o)
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Relative entropy decomposition

R (@112°) / / (o) 11 #(00) (1°gZ:EZ§;

)
+ log M) dog...doy

p?(04,0:41)

//J,G(O'o)log ~0 dO' + Z // 0_1 0'1 ].Og C (01101+1)
P

(Uh UlJrl)

(4

= ME,, {/E 9’ (o, a’)log% da'] +R (1] i)
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Relative entropy decomposition

R (°112°) / [ w0 T o) (logZ:EZS;

9
+ logw dog...doy
: P(0i,0i41)

//J,G(O'o)log ~0 dO' + Z // Uz 0'1 ].Og C (01101+1)
P

(Ulv UlJrl)

(4

= ME,, {/z: 9’ (o, a’)log% da'] +R (1] i)

R(Q11Q%) = MAH(Q®[| Q%) + R (|| &°)
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Relative entropy rate (RER)
Relative Entropy Rate (RER):

. 1
H(pllq) = 7151(1)0 ?R (Pro, 71| Qpo,7y) -

» Markov chains

H(pllg) = /,u(dm)/p(x,ml)logp(l’,x’) s’ :Eu[/p(xvx,)logp(x,x,) a

q(z, z') q(z, z')

Note
Hpllg)=Ruer|lreq)

» Continuous time Markov chains

o(z, ') .
=53 u Yog 2225 = 3 m(E)(N(@) ~ A=)
zeX T'EX ! TEX
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Properties:
» RER inherits properties of Relative Entropy:
HPIIQ)=R(kerllreq),

p®p(Ax B)= ZUEA p(o) ZU’EB p(o,0').

» Infers information regarding the path distribution: steady-state
distribution + stationary dynamics.

» RER is an observable + statistical estimators = computationally
tractable using (fast, scalable, etc) molecular solvers.

» Not necessary to know the steady states p explicitly: suitable for reaction
networks, reaction-diffusion and other non-equilibrium systems.

» Applicable to the transient regime.
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Bounds for the error

[Eq[f] - Ep[f]| < v/Varp[f] V2R (Q || P) + O(R(Q]| P)),

and sensitivity

[Eposclf] ~ Epolf]| < v/Varps[7Ty/F(P?)
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Bounds for the error

[Eq[f] - Ep[f]| < v/Varp[f] V2R (Q || P) + O(R(Q]| P)),

and sensitivity

[Eposclf] ~ Epolf]| < v/Varps[7Ty/F(P?)

Similar bounds on the path space ?
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Measurable functional F of the process {X:}+>o0

1 2
|EQ[O,T] [}-] - EP[O,T] [}—” S\/?Varp[o,ﬂ [Tf]\/?R (Q[QT} || P[O,T])

1
+ O<?R (Qro.71 Il Po,77) )

Recall for stationary process

1 1
7R QoI Por) =H(pllg) + ZR(k]lv)

Particular class of observables: F(X) = + E;fzof(Xk)
T
(F(X) =7 [y £(Xs)ds)

T
TVarp, [ TF] = Var,[f] +2 5 (1~ ) A (k) = 72()
k=1
Af(t) = Epg  [(Xo — Eu[Xo])(Xs — Eu[X])]
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Path-space Fisher Information Matrix (FIM)

Under a smoothness assumption on 8, (checkable, on the rates only!)

c 1
(@811 Q€L ) = 5eTFu(Qbu)e + O(lel’)
where the Fisher Information Matrix is defined as

F3(Q4 1) = Epe { [E p°(0,0")Velog p°(0,0")Velogp®(o,0") "d o’

> Spectral analysis of FIM gives the most/least sensitive directions.

» Derivative-free sensitivity analysis method.

» Characterizes robustness on parameter perturbations.

» Determines parameter identifiability, [e.g. Cramer-Rao Theorems].

» Optimal Experimental Design via path-wise FIM, e.g. D/A-optimality
tests.

Stony Brook University, Apr 10, 2014
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Sensitivity bounds — path-wise estimate under
perturbation

P =P’ and Q = P+

B P Eio 71 < || 3 Vargg  [TFI 7 (Fa(p?) + -HF (7)) e+0(6),

Sensitivity index:

S (Pl < e Varsg | [TF1y /o7 (Fa(p) + = F(u)

Stony Brook University, Apr 10, 2014
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Ergodic-type observables: F(X) = + Ethl f(X¢) as T — oo perturbations
€ = |¢|e of the invariant measure u

ﬁ'“‘: [f] = Euolf]l < V7(F)y/ eTFa(p®)e + O(e)
157 (1)| < V/T(F)y/ eTFu(p)e

Integrated Autocorrelation Time (IAT)

or equivalently

7(f) = lim 7r(f) = Varf[f]+2)  As(k)
k=1

Stony Brook University, Apr 10, 2014
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Examples

Epidermal Growth Factor Receptor

Epidermal Growth Factor Receptor (EGFR)

Well-mixed reaction system

» The EGFR model describes signaling phenomena of (mammalian) cells.

(EGF-EGFRY2 L\ i seps | Ras-GTP

EoF—>| EGFR Raf

Raf*

MEK
phosphorylation

MEK-PP,

ERK
phosphorylation

—> ERk-PP

activation GF-EGFR¥)2 Ras-GTPo] activation
without Sch*

Figure: Building blocks of the EGFR reaction network.

> 94 species, 207 reactions, 207 parameters (reaction constants).

Schoeberl B, C EJ, Gilles E, Muller G, Nature Biotech., 2002.
M. Katsoulakis, Y. Pantazis, D. Vlachos, BMC Bioinformatics, 2013

Petr Plechaé (UDEL)

Mathematical Tools

Stony Brook University, Apr 10, 2/014
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Examples Epidermal Growth Factor Receptor

EGFR - FIM

Steady state regime

log(diag(FIM))

I I I I I I
0 20 40 60 80 100 120 140 160 180 200
Parameters

I Transient regime

log(diag(FIM))

I I I I I I
0 20 40 60 80 100 120 140 160 180 200
Parameters

Diagonal elements of the FIM computed at the steady state regime (upper plot) and at the
transient regime (lower plot). Parameter sensitivities differ by orders of magnitude; most

parameters insensitive.

Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

EGFR — Goal oriented sensitivity

Ordering of parameters by their sensitivity bounds

Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Lattice Models

Coarse-graining in spin systems

Examples: catalysis, epitaxial growth, micromagnetics, etc.

block-spins {o(z)} +— block-spin {n(k)} = To = Z o(z)

* Microscopic lattice

Coarse lattice

Patterning through self-assembly: CGMC
simulations (top) vs experiment (bottom)
Intractable with conventional KMC due to um scales

Sensitivity to entropic effects at finite temperature
statistical comparison

Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Lattice simulations with Ising and continuous spins

» emphasis on dynamics: Coarse-grained Monte Carlo (CGMC)
Katsoulakis, Majda, Vlachos, Proc. Natl. Acad. Sci. (2003), Katsoulakis, PP,
Sopasakis, SIAM Num. Anal. (2006); Are, Katsoulakis, PP, Rey-Bellet SIAM
J.Sci.Comp. 2008; Sinno et al. J.Chem.Phys. 2008.

» equilibrium simulations and multi-resolution analysis:
Ismail, Rutledge, Stephanopoulos, J. Chem. Phys. (2003)

» computational renormalization group — statistical/quantum field theory
computations

Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Surface processes on lattices

» Optical, magnetic, electronic
devices, templating, catalysis

» non-uniform shape, size, spacing
» control the process to enable
fabrication

? 0~
i .,

MBE, CVD, ..

Pb/Cu(ill)
Nature0l, 412, 875

Si/Ge gquantum dois
Williams et al.
(1998)

Fe/NaCl
PRLQ2, 89 235502

Petr Plechaé (UDEL) Mathematical Tools
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Examples Epidermal Growth Factor Receptor

Surface processes on lattices

Control and Design

» Optical, magnetic, electronic Elastic Strain (Aa/a)
devices, templating, catalysis o0 008 0.16 0.24 032
. . . —
» non-uniform shape, size, spacing - )
AR g =
» control the process to enable 5 g g
. . 5 1 5] =%
fabrication 2800l & g
: £|8 s | %
o =]
MBE,CV:D @ @ 5 } < éoosf Fixed g, T, T, ‘@ 2
i ) o o
| X 5| | g
i c) Q
i | A S AN
- 0O 02 04 06 08 LD
Repulsion strength, X,

Pb/Cu(ill)
Nature0l, 412, 875

Ay =+Z°Nn[0,1)% N> 1

SifGe quantum dois Conﬁgurations.

Williams et al. Ay

(1998) ceiy=S§

Kalligiannaki, Katsoulakis, PP, Vlachos, J. Comp. Phys. (2012); Kalligiannaki, Katsoulakis,
PP, SIAM J. Sci. Comp. (2014)

Fe/NaCl
PRLO2, 89 235502 &

Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Surface processes on lattices

Snapshot at end of
simulation

x

=] = = ) = A
Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Surface processes on lattices

Snapshot at end of
simulation

x

020 040 060 080 1.00
Va

=] = = ) = A
Stony Brook University, Apr 10, 2014
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Examples Epidermal Growth Factor Receptor

Reaction kinetics in catalysis
CO oxidation reaction on Pt: kinetic Monte Carlo simulations
State space: o(z) € & = {-1,0,1}
Ziff-Gulari-Barshad model:
CO — CO(ads)
Os — 2O(ads)
Co(ads) + O(ads) — COZ
diffusion of O
Events & Rates
1. o(z) = 0 (vacant site):

(a) with a rate k1 a CO particle adsorbs: o(z) =0 — o(z) =1
(b) if o(y) =0, y = 2™ then two Oz adsorb (1 — k1):

o(z) =0 —o(z) = -1, 0(¢™) =0 — o(z™) = -1
2. o(z) =1 (CO molecule): if o(y) = —1, y = 2™ with the rate k2: CO+ Oz and desorb:
o(z)=1—0(z)=0,0(z™)=-1—0(z™)=0
3. o(z) = —1 (O2 molecule): if o(y) =1, y = 2™ with the rate kz: CO+ Oz and desorb.
o(z) ==-1—-0(z)=0,0(z"™)=1— o(z"™) =0

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples Epidermal Growth Factor Receptor

Example: Reaction kinetics in catalysis
CO oxidation reaction on Pt: kinetic Monte Carlo simulations
State space: o(z) € & = {-1,0,1}

Ziff-Gulari-Barshad model:

CO — CO(ads)

Os — 2O(ads)

Co(ads) + O(ads) — CO2

diffusion of O

Petr Plechad (U@@Zdation proce%at_th%Iigllq]bzkgMc simulations University, Apr 10, 2/Oﬁo



ictor Receptor

=2, J=1, N=30, m

08

08

07

06

05

04

—6—ka=0.5
—*—0.1
—8—1e-2

03

— 1e-3

i

10
ka'P (P=1)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

ZGB - Definition

» ZGB (Ziff-Gulari-Barshad) is a simplified spatio-temporal CO oxidation
model without diffusion.

» Despite being an idealized model, the ZGB model incorporates basic
mechanisms for the dynamics of adsorbate species during CO oxidation
on catalytic surfaces.

| Event | Reaction | Rate |
1 ?— CO (1-0())k
0~ O, (1—0(5)?)(1 — ky) B0

2
3 [CO+0-COtdes | 30(G)(+0()haggsy
4 O+ CO — COq + des. %o’(j)(g(j) _ 1)k2#co n.n.

total n.n

Table: The rate of the kth event of the jth site given that the current configuration
is o is denoted by cx(j; o) where n.n. stands for nearest neighbors.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

2GB - RER

Q
3
o
>
2
g
2
w
©
2
8
[
o
o , , , , , , . , ,
0 10 20 30 40 50 60 70 8 90 100
Time
0.2 ! .
+ Eo
0.15F I Fiv-based [
7 €,
0
0.1

0.05

Relative Entropy Rate

el e2
Various directions

Figure: Upper plot: Relative entropy rate as a function of time for perturbations of
both k; (solid line) and of k; (dashed line). An equilibration time until the process
reach its metastable regime is evident. Lower plot: RER for various directions. The
most sensitive parameter is k;.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

ZGB - Configurations

20 40 60 80 100

20 40 60 80 100 20 40 60 80 100
Most sens. direction Least sens. direction

Figure: Typical configurations obtained by eg-perturbations of the most and least
sensitive parameters. The comparison with the reference configuration reveals the
differences between the most and least sensitive perturbation parameters.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Off-lattice Models.

Coarse-graining in molecular simulations

positions of atoms {X(®}  positions of metaparticles { Q(P)} = TX

Coarse - Grained 2:1 PS model

A

l

Atomistic PS description

Stony Brook University, Apr 10, 2014
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Examples

ZGB lattice model

Coarse-graining of polymers; DPD methods
Effective Hamiltonian H (P, Q) using simplifying assumptions

» Parametric statistics approaches at
equilibrium
Miiller-Plathe, Chem. Phys. (2002),
Kremer, Miiller-Plathe, MRS Bull
(2001), Shell (2008,2012), Zabaras
(2012)

» United Atom models and McCoy-Curro

scheme

McCoy, Curro, Macromolecules (1998);
Fukununaga, Takimoto, Doi, J. Chem.

Phys. (2002)

» Computational renormalization group
Brandt, Ron, JSP (2001); Bai, Brandt
(2000)

» Dissipative Particle Dynamics
Briels et al. J. Chem. Phys. (2001),
Pivkin, Karniadakis J. Chem. Phys.
(2002), Deserno et. al. Nature (2007).

Petr Plechaé (UDEL)

Mathematical Tools

Microscopic dynamics

q=VpH(p,q)
p=-VH(p,q)

CG map: (P,Q)=T

— P+ V2/BW

(»,9)

Effective equations of motion
Coarse-grained Hamiltonian H (P, Q)

VepH(P, Q)

P—— oH(P,Q)—qP +dW

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

H(P, Q) used in dynamics
relevant only for long-time
behaviour and approach to
equilibrium

ad hoc CG: wrong predictions of
diffusion, crystallization, phase
transitions

Abrams, Kremer, J. Chem. Phys.
(2001), Pivkin, Karniadakis J. Chem.
Phys. (2002)

without numerical analysis no
indication of wrong phenomenon
being deduced from simulation.

adaptive change of CG difficult
Praprotnik,Matysiak,Kremer, Clementi,
J. Phys. Cond. Matter (2007).

Petr Plechaé (UDEL) Mathematical Tools

Average coverage <c
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Examples ZGB lattice model

Coarse-graining in lattice systems

ExaMpLE: Block spins

adsorption  desowption

Coarse map: T :Zy — i

(n(k)}=To =Y o(z)

ze Cy

@|0|0|O|@|@|O[0|O|0

ele|e[o]e]e o‘:( °

e Ole|le® @ O oo . .

o[elo[ele[e[e]o[e]e Microscopic process: ({o:}+>0, L), c(z,0)

oo/ ® o 00000 0 m __

sielelolelclolos Coarse process: ({1:}120, £), €(k,n)

e Olele/®@e/Ojo|0|0® ~

ojelofeleleelolole] Reconstructed process: ({7¢}¢>0,£L), &(z,0)
Coarse cells — block spin n(k) = e, 0(2)  Error: at finite t and as t — oo

modeling error



Examples ZGB lattice model

Coarse-graining in lattice systems

ExaMpLE: Block spins

adsorption  desowption

Coarse map: T :Zy — i

(n(k)}=To =Y o(z)

ze Cy

@|0|0|O|@|@|O[0|O|0

ele|e[o]e]e o‘:( °

e Ole|le® @ O oo . .
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ojelofeleleelolole] Reconstructed process: ({7¢}¢>0,£L), &(z,0)
Coarse cells — block spin n(k) = e, 0(2)  Error: at finite t and as t — oo

modeling error



Examples ZGB lattice model

Coarse-graining in lattice systems

ExaMpLE: Block spins

adsorption  desowption

Coarse map: T :Zy — i

(n(k)}=To =Y o(z)

ze Cy
@|0|0|O|@|@|O[0|O|0
e[ele[o[e]e o‘:( °
e Ole|le® @ O oo . .
o[elo[ele[e[e]o[e]e Microscopic process: ({o:}+>0, L), c(z,0)
oo/ ® o 00000 0 m ___
Slels[ols]e]s[elc]e Coarse process: ({n:}+>0,L), ¢(k,n)
e Olele/®@e/Ojo|0|0® ~
slolslslslelooTels] Reconstructed process: ({G:}+>0, L), &(z,0)
Coarse cells — block spin n(k) = e, 0(2)  Error: at finite t and as t — oo
modeling error + numerical error + statistical error
Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples ZGB lattice model

Coarse-Graining — Equilibrium

1. Coarse-graining of polymers;
DPD methods

Briels, et. al. J.Chem.Phys. '01;

Doi et. al. J.Chem.Phys. '02;

Kremer et. al. Macromolecules ’06;
Miiller-Plathe Chem.Phys.Chem ’02;
Laaksonen et. al. Soft Matter 03, etc;
Deserno et. al. Nature '07;

BEspanol J Chem. Phys. ’07, '11

Harmandaris Macromolecules Noid J Chem. Phys.

’18

ot hsr of Pt s - sive s -l

2. Stochastic lattice dynamics/
KMC

Katsoulakis, Majda, Vlachos, PNAS’03;
Katsoulakis, P.P., Sopasakis, SIAM Num. Anal.
’06;

Are, Katsoulakis, P.P., Rey-Bellet SIAM
J.Sci.Comp. ’08;

Microscopic lattice

Sinno et al. J.Chem.Phys.’08, 13, PRE ’12

Coarse lattice

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model
Equilibrium

Invariant measure: pu ~ e PH(7)

Detailed balance for the coarse-grained process w.r.t. fi ~ e PH)
Coarse-grained Hamiltonian H(7)

e PR Ble P[] = [ &P Py(do|n)
P

Approximate H(n) ~ HO(n), ie., @(dn) ~ a®(dn)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model
Equilibrium

Invariant measure: pu ~ e PH(7)

Detailed balance for the coarse-grained process w.r.t. fi ~ e PH)
Coarse-grained Hamiltonian H(7)

e—BHM) :E[efﬁHNHn]z/ e PH() Py (do||n)
P

Approximate H(n) ~ HO(n), ie., @(dn) ~ a®(dn)

Task: estimate & control the error in the relative entropy R (f || ﬂ(o))
however  is unknown

“Lift” 7(%) to a new u®PP on the microscopic space

Petr Plechaé (UDEL)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Reconstruction measures

Coarse-grained equilibrium measure:

/f a(dn) = /fTa (do)

p(do) = %efﬁH(U)P(da) and g(dn) = %e*ﬁf_{(n)_}_:(dn)
Perfect reconstruction:

u(do) = e PHEO=H) p(do|n)a(dn) = u(do|n)a(dn)
Approximate reconstruction:
©PP(do) = v(do|n)a® (dn)

error = coarse-graining error + reconstruction error

Katsoulakis, P.P., Rey-Bellet (2008), Trashorras, Tsagarogiannis (2010)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Example:

> N(n) = |[{¢|To = n}| and v(do|n) is uniform
Approximation at the fine level: 4?*P(0) = 4% (T0) x5

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Example:

> N(n) = |[{¢|To = n}| and v(do|n) is uniform
Approximation at the fine level: (o) = (% (To) V(O]

» The relative entropy

R (1 || poP) = Z# )log — = (0) +Z# )log N'(Tor)

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples ZGB lattice model

Example:

> N(n) = |[{¢|To = n}| and v(do|n) is uniform

Approximation at the fine level: u®PP(0) = a(®(To) ﬁ

» The relative entropy
R (1 || poP) = Z# )log — = (0) +Z# )log N'(Tor)

» Insert back u(o) = +ePH() etc.

_ (0)
zﬂ: B(HO)(To) — H(a))% e PH(O) 4 1og Z7 +E,[log N(To)] =
EB(H® — H)| - (A — A) + E,[log N (To)]

Helmholtz free energy A= U — TS = —% log Z

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples ZGB lattice model

Inverse Monte Carlo

“Inverse thermodynamic problems”

» Build parametrized approximations (% (n; )

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Inverse Monte Carlo

“Inverse thermodynamic problems”

» Build parametrized approximations (% (n; )

» Find optimal values of parameters 8*, s.t., for selected ¢;
min Z IEu[¢s] — Ezo [¢4]]

Review: F. Muller-Plathe Chem. Phys. Chem. (2002)

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples ZGB lattice model

Inverse Monte Carlo

“Inverse thermodynamic problems”

» Build parametrized approximations (% (n; )

» Find optimal values of parameters 8*, s.t., for selected ¢;
: 2
min Z |Eu[i] — Egzo [¢:]]
1
Review: F. Muller-Plathe Chem. Phys. Chem. (2002)

» Parametrization depends on specific observable(s) ¢;.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Inverse Monte Carlo

“Inverse thermodynamic problems”

» Build parametrized approximations (% (n; )

» Find optimal values of parameters 8*, s.t., for selected ¢;
: 2
min Z |Eu[i] — Egzo [¢:]]
1
Review: F. Muller-Plathe Chem. Phys. Chem. (2002)

» Parametrization depends on specific observable(s) ¢;.

» Can we improve the “transferability” of the method ?

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Inverse Monte Carlo

“Inverse thermodynamic problems”

» Build parametrized approximations (% (n; )

> ¢ can be relative entropy
EL[B(H(6) — H)] - B(A®(6) — A) + E,[log N (To)]

optimality condition: VR =E,[VsH V] - E;0 [VeH ] =0

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Parametrized CG — Approximations heuristics

min R (i || 4P(6)) or minR (uPP(6) || )
Gibbs structure allows explicit calculations of R

R (11 ) ~ B8O (6) ~ H)] + 10 T\

Optimality condition: V,R =0

» Solution using typically gradient methods, Newton-Raphson, etc:
M.S. Shell (2008, 2012), Noid (2012), Bilionis et al (2012), Zabaras et al (2013), a
review Noid (2013)

» Is the parametric family H(9(8) rich enough?.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Cluster Expansion CG Hamiltonians

Are, Katsoulakis, P.P. , Rey-Bellet SIAM J. Sci. Comp. (2008); Katsoulakis, P.P. ,
Rey-Bellet, Tsagarogiannis Math. Comp. (2014)

_ _ 0 _
Hn(n) = By (n) + Hy (n) + ...
Multi-body terms:

HOm) =837 3 D Dk (— (k1) Ba(k) Bu (ko) +

k1 ka>ky k3>ke

Petr Plechaé (UDEL)
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Examples ZGB lattice model

Cluster Expansion CG Hamiltonians

Are, Katsoulakis, P.P. , Rey-Bellet SIAM J. Sci. Comp. (2008); Katsoulakis, P.P. ,

Rey-Bellet, Tsagarogiannis Math. Comp. (2014)
= =(0 =(1

Hn(n) = B (n) + Y (n) + ..
Multi-body terms:

H(n 'BZ Z Z ]klkzkg — By (k1) B2 (k) By (k3) +

k1 ka>ky k3>ke

Typically omitted, but essential to
capture phase transitions

Petr Plechaé (UDEL) Mathematical Tools

Average coverage <c>
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Examples ZGB lattice model

Cluster Expansion CG Hamiltonians

Are, Katsoulakis, P.P. , Rey-Bellet SIAM Sci. Comp. (2008), Math. Comp. (2013)
Hn(n) = By (n) + Hi (n) +
Multi-body terms:

H(l) ﬁz Z Z -77512722103 El kl)Ez(kQ)El(k3)

k1 ka>ki ks>ke

Stony Brook University, Apr 10, 2014
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Examples

ZGB lattice model

Cluster Expansion CG Hamiltonians

Are, Katsoulakis, P.P. , Rey-Bellet SIAM Sci. Comp. (2008), Math. Comp. (2013)

= =(0
Hon(n) = B3 () +
Multi-body terms:

H(l)

2P () +

)=p2. 2. 2.1

k1 ka>ki ks>ke

(2)
k:l k2 k3

i Probability densit

¥ fun

—E1 (k1) B (ko) B (k3) +

__g=1MC

i~ g = 100, 3rd-order CGMC

Typically omitted, but essential to

capture switching times etc.

Petr Plechaé (UDEL)

Mathematical Tools

ED

g =50, 2ndarder CGMC

¢ =100, 2nd-order CGMC

1000 1500 2500 300

Stony Brook University, Apr 10, 2/014
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Examples ZGB lattice model

Dynamics and Non-equilibrium steady states

» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd

P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)

Rates: ¢(o,0")

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Dynamics and Non-equilibrium steady states
» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd
P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)
Rates: ¢(o,0")

» Forward Kolmogorov Equation (aka Master Equation)

8:P(0,t;() = > ¢(o',0)P(d",t;¢) = M) P(0,£;(),

o, 0'#0

P(0,0,() =6(c - ()

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Dynamics and Non-equilibrium steady states
» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd
P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)
Rates: ¢(o,0")

» Forward Kolmogorov Equation (aka Master Equation)

8:P(0,t;() = > ¢(o',0)P(d",t;¢) = M) P(0,£;(),

o, 0'#0

P(0,0,() =6(c - ()

» Simulation: Embedded Markov Chain {X,}n>0 = {onst}, 0 = 0™

Exponential clock: ¢ ~ Exp(A(0))

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Non-equilibrium steady states

Behavior as t — oo

0:P(o,t;() = Z [c(o’,0)P(d',t;¢) — c(o,0")P(0,t; ()],

o!

Stationary states: ;P =0 = >, js(0',0) =0
Current ¢’ — o: js(0',0) = c(o’,0)u(o’) — c(o,0")u(o)

Reversible dynamics with the equilibrium u(o)
Detailed Balance condition with respect to u(o) (e.g., u ~ e PH(?)

(o', 0)u(0") = c(o,0")u(0)

Irreversible dynamics = Non-equlibrium steady states

> is(a',0) = (e(o’,0)u(0’) = ¢(o,0")u(0)) = 0

o!

irreversible rate loops, i.e., a non-zero current at stationary states.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative entropy on the path space

Markov chains on :
{on}tnez+, Eo(av do), MG(U)

{&n}nEZ+; Po(av dO'), /-‘20(0')
Path measures:

Q°%(90,...,0um) = p°(00)p%(00,01) ... P (00 -1,01)
Radon-Nikodym derivative

o o M % (04, 00
dQ ({ 77,}) ( )Hzop(lv +)

4Q? A9 (00) [Ty #°(04,0i4)
Relative entropy
M-1 0 M—1 ¢
. Koo 1 p 04,04
R(Qgﬂ Qg) Z/ / ¥ (a0) [ ] p°(04,0441)log ~0( 0) nMol (00, 0011) 4
z z i=0 A8(o0) [ T2 PP(0i,0i41)

Petr Plechaé (UDEL)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

M-1 0
o A8\ _ 0 0/ 1’ (o0)
R(Q11) = [ [ wie) [1 5@ (10g 72
e p?(04,0i41)
log =—0———<
+ Z Ogﬁg(di,UH_l) dO'o dO’M

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

M-1 o
011 A0\ _ ) 0 1 (00)
R(Q11) = [ [ wie) [1 5@ (10g 2720
1=M-1 9 . )
+ log {)79(0“ 9it1) dog...doy
i—0 D (Ui70i+l)

[ pec)ac =1, [ worp(e,o) do = uo)
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Examples ZGB lattice model

M-1 o
011 A0\ _ ) 0 1 (00)
R(Q11) = [ [ wie) [1 5@ (10g 2720
1=M-1 9 ] )
+ log {)79(0“ 9it1) dog...doy
i—0 D (O-iao-i—‘rl)

2] (Uz;oz—i-l)
w (o log — + // (oi)p crZ ) log =
_/E (00) 9 0o Z g (Uz,Uz+1)
6

plo,0 "
= ME,, {/}:pe(a,a’)logﬁ da'] +R (1] 4°)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

M-1

]
011 A0\ _ ) 0 1 (00)
R(QHQ)—L.ij@mllpwmmﬂﬁﬁwww
1=M-1 9 ) )
+ log {)79(0“ 9it1) dog...doy
i—0 p (O-iyo-i—‘rl)

2] (0'1;0-14-1)
w (o log — + // (oi)p crZ ) log =
_/E (00) 9 Oo Z g (Uz,Uz+1)
6

= ME,, {/E 9’ (o, a’)log% da'] +R (1] 4°)

R(Q7110°) = MAH(Q® || Q) + R (|| &°)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Continuous time Markov chain

Do, ] (resp. Djo,77) is the distribution of the process {o¢}+c(o, ] (resp.
{Gt}te[0, 7)) on the path space Q([0, T'], Xw)

~ dD
® (o) = [ 322 2o

The initial distribution is the stationary measure y (resp. [).
Radon-Nikodym derivative:

dDpo, 1) _ p(00) /T 5 T clos,0)
2T _H90) oind — [ [A(0s) = Ao ds+/ log 275=295) g,
dDpo, 7 #(00) 0[( ) (72)] 0 ¢(os—,05)

N;(p) — the number of jumps of the path o up to time s.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

(a) Nt — fot A(ps) ds is a (zero mean) martingale

. T
(b) exchanging fo and E[]
(c) stationarity

T T
Ep / #(ps) dNs(p)| =Ep / B(ps)A(ps) ds | = TEL[BA],
0 0
Hence:
. dD
R (D[O,T] I D[O,T]) =Ep [10g %] =Ep [10g %]
T - T ( )
+Ep _/ A(0s) — A(0s)] ds +/ A(os— ) log 27572 75) s:|
0 o c(os—,05s)
= TEu |A(9) — X(0) = D A(0) p(aa)mg% FR (|| A)

o

= TH(Do,)|Djo,71) + R (1 ]| /&)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative Entropy Rate and Dynamics Parametrization

» Define parametrized CG transition probabilities g% (a, o'):

» Parametrized CG transition probabilities 5°(n,7’)

» Reconstruction scheme: v(¢'|To’), e.g. uniform: @

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples ZGB lattice model

Relative Entropy Rate and Dynamics Parametrization

» Define parametrized CG transition probabilities g% (a, o'):

» Parametrized CG transition probabilities 5°(n,7’)
» Reconstruction scheme: v(¢'|To’), e.g. uniform:

> ¢°(0,0') = v(0’|T0")5°(To, To'),

1
[{o:To=n'}|

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative Entropy Rate and Dynamics Parametrization

» Define parametrized CG transition probabilities g% (a, o'):

» Parametrized CG transition probabilities 5°(n,7’)
» Reconstruction scheme: v(¢'|To’), e.g. uniform:

> ¢°(0,0') = v(0’|T0")5°(To, To'),

1
[{o:To=n'}|

» R (P|| Q%) = Loss of Information (in time-series) due to CG

» For long times M >> 1, RER is dominant:

R(PIQ%) = MH(P || Q") + R (u]| u°)

H(PIIQ%) = 3 u(0) 3 plo,0") log E2T) .

0
ocen o'en q (07 UI)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative Entropy Rate and Dynamics Parametrization

» Define parametrized CG transition probabilities g% (a, o'):

» Parametrized CG transition probabilities 5°(n,7’)
» Reconstruction scheme: v(¢'|To’), e.g. uniform:

> ¢°(0,0') = v(0’|T0")5°(To, To'),

1
[{o:To=n'}|

» R (P|| Q%) = Loss of Information (in time-series) due to CG

» For long times M >> 1, RER is dominant:

R(PIQ%) = MH(P || Q") + R (u]| u°)

H(PIQ) = u(o) 3 plo,0")log 22T

) o'ED q9<g’ a')

» No need for explicit knowledge of NESS: suitable for reaction networks,
driven systems, reaction-diffusion, etc.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Inverse Dynamic Monte Carlo
» Best-fit obtained by minimizing RER

o = argmin#(P || Q°),
» Optimality condition V4 H(P || Q) = 0; minimization scheme:

p(n+1) — g(n) _ & (n+1)
n )

a > 0 and G(**1) being a suitable approximation of the gradient
VeH(P || Q°)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Inverse Dynamic Monte Carlo
» Best-fit obtained by minimizing RER

6" = argmin H(P || Q°),

» Optimality condition V4 H(P || Q) = 0; minimization scheme:

p(n+1) — g(n) _ & (n+1)
n )

a > 0 and G(**1) being a suitable approximation of the gradient
VeH(P || Q°)
» FIM revisited-Newton-Raphson:

G" = Hess(H(P || Q")) *VeH(P|| Q7).

FH(QG) = Hess(H(P|| Q%)) = -E, Zp(a, 0)V2log ¢°(o, ")

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Data-based parametrization of CG dynamics
» Unbiased estimator for RER,

A (P| Q) Zlo Rl

Uz; Uz—l—l)

» Minimization of RER:

N N
o 1 1
min (P Q%) = max — § 1 log ¢°(04,0511) — ¥ § 1 log p(0%, 0441)
1= 1=

» Coarse-grained path space Log-Likelihood maximization

N
maxL(G {o:}V)) Z p°(Ta;, Toiy1).

2 |

» No need for microscopic reconstruction: ¢°(c,0’) = v(o'|To’)p?(To, To")

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Fisher Information and Parameter Identifiability
Since RER is a relative entropy, H(P||Q)=R(u®p||lx®q) :

» Asymptotic Gaussianity of the Maximum Likelihood Estimator:

fy — 6* as. and NY2(dy — 6°)=N(0,Fs, 1(Q%")),

» Variance determined by the path-space FIM F,(Q?"), or asymptotically
by Fy (QeN ) .

» HEstimating the FIM Fy (QéN ) provides rigorous error bars on computed
optimal parameter values 6*.

Katsoulakis, PP, J.Chem. Phys. (2013)

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative Entropy Rate (RER) H

R(Q11Q°) = MAH(Q®[| Q) + R (|| &°)

[

H(Q|| Q%) =B [ /E (o, a')log% do’

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Relative Entropy Rate (RER) H

R(Q711Q%) = MAH(Q || Q%) + R (u°]| &)
(4 !
01 A ) ] / p°(o,0') .,
=E log=————=4d
Q11 @) =8| [ 90,0108 250 ao
» RER is an observable = tractable and statistical estimators are available.

» Contains information not only for the invariant measure but also for the
dynamics.

> No need for explicit knowledge of NESS (stationary measure): suitable
for reaction networks, driven and/or reaction-diffusion systems, etc.

Stony Brook University, Apr 10, 2014
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Examples ZGB lattice model

Examples: Statistical estimators

H(Djo,7|Dfy, 7)) = E

5 clo,0) ok 5 e s~ (o) - Ao e))]

o!

Estimator I:

A = Zéﬂ [Z (o, )log%—(x(ak)—i(ak))]

Estimator II:

n—1
AP = L3710 ”“”“)—i- 5e(A(ow) — A
Z e I DI CORRCR)

Pantazis, Katsoulakis J. Chem. Phys. (2013)
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Examples Multi-scale Diffusions and Stochastic Averaging

Multi-scale Diffusions and Stochastic Averaging

» Coarse-graining for diffusion processes on R™ x R™

dXt = CL(Xt) dt + AV 2ﬁ71th, Xo =T.

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Multi-scale Diffusions and Stochastic Averaging

» Coarse-graining for diffusion processes on R™ x R™

dXt = CL(Xt) dt + / 2ﬁ71th, Xo =T.
» Approximating Markov Chain:

X" = X" 4 a(X™)h +/28-1ZVh,

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Multi-scale Diffusions and Stochastic Averaging

» Coarse-graining for diffusion processes on R™ x R™
dX; = a(Xy) dt +/26-1dW;, Xo==z.
» Approximating Markov Chain:
X" = X" 4+ a(X")h+ /26 12Vh,
» CG (reduced) dynamics: Z = Pz € R", Z = Ptz ¢ R™

PX"! =PX" + Pa(X")h +/28-'PZVh,

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Multi-scale Diffusions and Stochastic Averaging

» Coarse-graining for diffusion processes on R™ x R™
dX; = a(Xy) dt +/26-1dW;, Xo==z.
» Approximating Markov Chain:
X" = X" 4+ a(X")h+ /26 12Vh,
» CG (reduced) dynamics: Z = Pz € R", Z = Ptz ¢ R™
PX"1 = PX" + Pa(X™)h + /268~ "PZVh,
» Markovian approximation:

XM= X"+ a(X"™0)h +/26-1ZVh,

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Relative entropy rate: Approximating Markov chain

pu(z,z')da’ ~ e R e @ ar! | py(z,3,6) ~ e
an(z,2';0) = pr(Pz,Pz’; 0)v (' |Pz’)

!
H(P|| P%) = // z)pn(z, z") logmdx’dx.
qh(m7 19)

)

mgin’H(P||P9) = n1€in/|z_z(P$;9)—Pa(:1:)|2,u(x) dz

“Force-matching"

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Example: Two-scale systems - Stochastic Averaging

dXf = a(X€, Y)dt + dW}
dYf = e 'b(X¢, Y)dt + e V2dW?,

Theory: asymptotics € — 0 — averaging principle (Khasminskii, etc)
dXy = a(X:) + dWy, a(z) = lim | a(z,y) p5(dy)
€—

Minimization of RER: u¢(dz dy) = p¢(dz)u(dy|z) and for e € 1
pé(dz dy) ~ p(dz)us(dy)

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Example: Two-scale systems - Stochastic Averaging

dXf = a(X€, Y)dt + dW}
dYf = e 'b(X¢, Y)dt + e V2dW?,

Theory: asymptotics € — 0 — averaging principle (Khasminskii, etc)
dXy = a(X:) + dWy, a(z) = lim | a(z,y) p5(dy)
€—

Minimization of RER: u¢(dz dy) = p¢(dz)u(dy|z) and for e € 1
pé(dz dy) ~ p(dz)us(dy)

min [ |a(e,v) - a(e)Pus(dy)i(e) de,
Unique minimizer as € — 0
i(e) = [ oo w)us(dy).

Stony Brook University, Apr 10, 2014
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Example:

e—0

Petr Plechaé (UDEL)

Examples

Mathematical Tools

Multi-scale Diffusions and Stochastic Averaging
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Examples Multi-scale Diffusions and Stochastic Averaging

Example: a(z,y) = -y — 43, b(z,y) =z —y — ¢°

1 2_1,4
_Lly—z)2_1
pa(dy) ~ 3074y
e—0a(z)=-z
Autocorrelation functions ¢ = 1.000
12 - . T T
. Autocorrelation functions ¢ = 0.010 als of invariant distributions (X7, Y/) and CG
— - i (de)
0sf 1 t Dt it (d)
—— pdf CG i ()
o8l 1
=l () o8l
pdf p(dy)
o7 —— pif CG (dr)
§ oo
o6l 1 k|
s g
€ ost 1 £ oaf
g N
E N
04l x 1 .
02| A B
03l 1 hRTS
02F s 4 Te--s 9
01| 1
1 15 2 25 3
. . . , . lag
o 05 T 15 2 25 3
lag

Figure: Autocorrelation function of the

Figure: Autocorrelation function of the CG stationary process X

CG stationary process X;

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Driven Arrhenius diffusion
> Rates: Exchange dynamics with the migration rate to n.n. site [z —y| =1
c(z,y,0) = d e PTEDo(2)(1 - o(z + 1)) + o(2)(1 — o(z - 1))]

» Energy barrier: U(z,0) =3_,,, J(z —2)o(z) —h
J(2) = Jo, for |z| < L and J = 0 otherwise.
» Coarse-grained potential:

ko) = J(k, On(k) + 7(0,0)(n(k) — 1) — h
1
» Coarse-grained rates: assume local equiltbrium, o(z) ~ q~'n(k)
1 _
ek, ) = n(k)(g = n(B)d ePT¢

The generator L:

=> ek, L,m)g(n+ 6 — &) — g(n)]

k,l

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Non-equilibrium stationary states
Bounded domain with a gradient in concentrations

c(0)=1

¢(D)=0

=0 x=D

Stony Brook University, Apr 10, 2014
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coverage

Examples

Coverage profile L=16, p=4

Multi-scale Diffusions and Stochastic Averaging

"Etror indicator br diferent levels of CG

J——
—q=16 o
— =2 2
——e32 4
H

a8

o
-100 \ 4

0 10 20 3 40 7
q
O a=2 H=00% B
o H=-11707
o 6 H=-42236
O =32 H=-113703 q

Petr Plechad

(UDBL)

05
lattice site

Mathematical Tools
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Examples

Multi-scale Diffusions and Stochastic Averaging

Coverage profile at initial and optimal \bar ‘]o
1 T T T
0.9r
\
08 | q
!
1
\
0.7 1 1
\
\
ost |
© \
2 \
g 05 \
3 \
8
|
041 A
\
\
03 ! 1
\
\
\
02 . q
\
\
0.1 \ 4
\
0 . e —— .
0 01 02 03 04 06 07

0.5 08 09 1
lattice site
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Examples Multi-scale Diffusions and Stochastic Averaging

Coverage profie at niial and optmal
1 T T T T T T T T T

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Ertor inicator for diferents 3,
Gradient H . Estmation eror bar: gradient H o
ot inerval
o Rel error
04 03| P
03
02 03
01
o 025| g
-o1 10 &
s sz 84 86 88 9 5 82 84 86 88 9
3 3 z
¥
Error indicator for diferent p Estimation erfor bar: eror indicator for iferentd
10
o
107
_ ous| -
£ H
01 .
10
005
107
s 82 84 86 68 9 8 82 84 86 88 9 75 0 e g 95
o
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Examples Multi-scale Diffusions and Stochastic Averaging

Computational example

» Process: deposition on a lattice, long-range interactions L, block-spin
CG ¢q
— continuous time Markov jump process
— Arrhenius dynamics

» Simulator: kinetic Monte Carlo

» Tests: coarse observable = total coverage c;

» phase diagram wrt external field A
> the average time to phase transition from low to high coverage
» adaptive CG for phase diagrams

Are, Katsoulakis, PP, Rey-Bellet SIAM J. Sci. Comp., (2008)

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Base CG Hamiltonian H(®): )
pair-interactions of 7(k) and 7(l) with the potential J(k — )
— compressed interaction kernel J using the Haar basis

Men=—>. Y, Je-u),

z€Cy yEC,y#£T

Ik, k) = J(0,0) = ﬁ SN -

zE€Cy yECr y#z
W — gy | g2

(i) H®Y — correction to 2-body interactions
(ii) H(2) - 3-body interactions

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

_EOD(,) = % > 43 (~Ea(k) + Ba(k)) + 23, (Ba(k) — 2Ba(k) + 1) +
k

n %3 > 5A(Ba(k) - 2Ba(k)Ba(1) + Ba(1)) +
k<l

n g > A+ B (k) Ba(2) — Ba(k) — B2 (D) +
k<l

¥ g > 5B~ Bs(k)Br(1) + 2B1(k)B1(1) — B5(1)Ea(k))
k,i£k

FI(I,Z)(’?) = 'BZ Z Z [jkzlkzkg,(_El(kl)EZ(k2)El(k3)+E1(k1)E1(k3))+
k1 ko>ky k3>ko
+ j32k3k1(...k1, ko, k3 permut....)
+j;?3klk2(- .. k1, k2, k3 permut....)]

Er(k) Er(n(k)) = (2n(k)/q —1)" + 0q(1)

1l

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

“Moments” of interaction potential J:

o=y, Y (Je—y) - Ik 1),

z€Cr yeC

#o= ). > (Ue—y) - Ik, D) (J(z —y) - T(k,1))

z€Cr v,y €C

Rk = 2, 2. > (J — J(k1, k2))(J(y — 2) — J (K2, k3))

zECry YE Cry 2€Crg

Another view: Multiresolution analysis
J = projection of J on scaling functions of Haar system

Stony Brook University, Apr 10, 2014
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coverage

Examples

Multi-scale Diffusions and Stochastic Averaging

N=1024; g=8;8 J_=5.0

0

T T T T
—&—wC

005

-005

002 004 006 008 0.1

=

with corrections & potentil splitting
with corrections & no potential spiiting

1 12
h —external field

Figure: Comparison of hysteresis using the potential of the microscopic process
(MC), the coarse-grained process g = 8, the coarse-grained process ¢ = 8 with

corrections.

Petr Plechad

(UDBL)

Mathematical Tools
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Examples Multi-scale Diffusions and Stochastic Averaging

Rare events — exit times

—— MG, E[]=48691
®  Znd-order GGMG g=10, E[ < ]=491.69
% 2nd-order GGMG q=100, £ < ]=080.62
A 3rdl-order CGMG g=100, E[ ¢]=479.00

Non-dim time

N=1000; B J,=4.35 ; L =100 ; C,=C,=4.0
1 T T T T T

0 200 400 600 800 1000 1200

Stony Brook University, Apr 10, 201
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Examples Multi-scale Diffusions and Stochastic Averaging

Multi-body interactions

Table: Approximation of 77 , ||p? — pr||11

N = 1000, BJo = 6.0, h = 0.4406
CGMC without corrections

L q 7r  |lpf — prllzr  Rel. Err.

100 1 486.9 0 0

100 50 584.1 0.0074 20.17%

100 100 980.9 0.0246 101.82%

CGMC with corrections
L q 7r ||t — prllzz  Rel. Err.
100 50 480.8 0.0025 1.08%
100 100 479.0 0.0028 1.45%

Stony Brook University, Apr 10, 2014
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N = 1000zpege—= Bi0ti-fpai= PE38FFGnd Stochastic Averaging

CGMC without corrections

L q T llo? — p-llz:  Rel. Err.
100 1 367.9 0 0
100 50 569.4 0.0131 54.78%
100 100 1482.23 0.0416 302.9%

CGMC with corrections

L q 7r  |lpf — prllzr  Rel. Err.

100 50 335.9 0.0042 8.68%
100 100 290.6 0.0072 21.00%

Petr Plechaé (UDEL) Mathematical Tools

Stony Brook University, Apr 10, 2014
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Examples  Multi-scale Diffusions and Stochastic Averaging
Efficiency 7

Table: CPU cost comparisons of different CG algorithms
N = 1000, BJp = 6.0,

Process CPU (secs)
g=1 (no coarse-graining)

q=8 5232
g=8c (no splitting) 69473
gq=38c (splitting) 6900

Table: Computational complexity of evaluating the Hamiltonian

Count Speed-up
Microscopic ¢ = 1: Hy (o) O(NL%) 1
Scheme 2nd order: I:IZ(MO) O(ML%/q%) 0(¢%?)
g0 7@ 2d / ,2d 3d/7d
Scheme 3rd order: Hy,' + Hy;” O(ML**/q¢**) 0O(g>*/L?)

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Lattice Models: Dynamics

» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd

P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)

Rates: ¢(o0,0') = c(z,w;0)

Stony Brook University, Apr 10, 2014
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Examples Multi-scale Diffusions and Stochastic Averaging

Lattice Models: Dynamics
» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd
P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)
Rates: ¢(o0,0') = c(z,w;0)

» Forward Kolmogorov Equation (aka Master Equation)

8:P(0,t;() = > ¢(o',0)P(d",t;¢) = M) P(0,£;(),

o, 0'#0

P(0,0,() =6(c - ()
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Lattice Models: Dynamics
» Continuous Time Markov Chain ({o¢}¢>0, L)
ccx =401} Ay cCzd
P(oiy5t =0 ||or = 0) = c(o,0")dt + o(61)
Rates: ¢(o0,0') = c(z,w;0)

» Forward Kolmogorov Equation (aka Master Equation)

8:P(0,t;() = > ¢(o',0)P(d",t;¢) = M) P(0,£;(),

o, 0'#0

P(0,0,() =6(c - ()

» Simulation: Embedded Markov Chain {X,}n>0 = {onst}, 0 = 0™

sy c(z,w;0) B )
p(o,0®%) = Ta), Ao) = ;;c(m,w,a)

Exponential clock: ¢ ~ Exp(A(0))
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Examples Multi-scale Diffusions and Stochastic Averaging

Generator of the process

» Evolution of observables (Backward Kolomogorov Equation):

u((,t) = Ec[f(o0)] = ) f(0)P(0, )
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Examples Multi-scale Diffusions and Stochastic Averaging

Generator of the process

» Evolution of observables (Backward Kolomogorov Equation):

u((,t) = Ec[f(o0)] = ) f(0)P(0, )

» Generator:
Lf(0) =) clo,d)[f (o) = F(0)] = > > elz,w;0)[f(e™) — f(0)]

» Markov semigroup P; = et*

b:f(0) = f(0™*) = f(0)
Coo(Z) = {f € Co(B) || D 1162(F)lloo < 00}

Stony Brook University, Apr 10, 2014
Petr Plechaé (UDEL) Mathematical Tools / 110



Examples

Events

> Adsorption/desorption:

e {1 ~o(o)
~ @)

> Diffusion (spin exchange, Kawasaki

ifz=12

ifz#z

dynamics):
o(y) ifz==¢
c®¥(z)=(o(z) fz=y
o(z) ifz+#y

Petr Plechaé (UDEL)

Mathematical Tools

Multi-scale Diffusions and Stochastic Averaging

»  Multicomponent reactions.
o(z) € {0,1,...,K}

@) () = {Z(Z)

» Reactions tnvolving particles with
internal degrees of freedom.

if z # z,y,

ifz==z.

o(z) ifz#z,y,
c@¥ED) = { & if z =1z,
l if z =1y,

Stony Brook University, Apr 10, 2/014
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Rate functions I

ExaMPLE: Arrhenius dynamics for adsorbtion/desorption
» Transition rate to the gas phase: ¢(z,0) = cyo(z)e PU9)
» Energy barrier: U(z,0) =3_,,, J(z —2)o(z) —h

» Transition rates:
c(0,0%) = a1(1 — o()) + cz0(z)e PV

Reversible w.r.t. Gibbs measure yu ~ e~#H(7)
Detailed balance

v

c(z,0)e PH) = ¢(z, 0%) e PH()
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Examples Multi-scale Diffusions and Stochastic Averaging
CG and acceleration of KMC
Stochastic Simulation Algorithm (SSA)
Gillespie, JCP (1976), chemical reactions in well-mixed systems.

Step 1: Update. (a) Calculate: ¢(y,0), Vy € Ay
(b) Calculate:

Ao(0) =) c(y,0),  Ao)= ) c(y,0)

y<z yEAN

Step 2: Search. u; ~ U([0,1)) and search for z € Ay such that
Ae—1(0) < A(o)uy < Az(0)

Step 3: Time. t + t + dt, 6t ~ Exp(A(0))
6t = —log(uz)/A(0), w2 ~ U([0,1))
Oir6t =0°
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Examples Multi-scale Diffusions and Stochastic Averaging

Kinetic Monte Carlo Implementation
n-fold Algorithm (aka BKL)

Bortz, Kalos, Lebowitz, JCP (1975), Ising spin lattice systems.
Step 1: Update. (a) Calculate c(y,0), Vy € Ay

Step 2: Search. Group sites z € Ay in classes D;, 1 = 1,...,n, define
J J
Qi(0) =) > cly,0) =) |Dile(y,0)
1=1 yED, =1
Generate u ~ U([0,1)) and search for 1 = 1,...,n s.t.
Qi-1(0) < @n(o)u < Qi(0),

then choose z € D; uniformly.

Step 3: Time t « t+ 60t, 6t ~ Exp(Qn(0))
Ott5¢ =0°"
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Kinetic Monte Carlo Implementation

Uniformization — Null-event Algorithm

Choose A(g) < A* and {Y,} such that

1—)‘(‘:), ifo' =0
p*(01 OJ) =93 Ao) > / el
5+p(o,0’) ifo' £o

Bounds: U* = min,, U(z,0), A*°°¢ = dymax{l, e PUY
Step 1: Search/Update. Select: z € Ay uniformly
Calculate: c(z,0)
Step 2: Time/Accept/Reject. t < t + 6t, §t ~ Exp(A*1°¢)
Generate u € U([0,1))
If c(z,0) > A5!°°y then oyy5; = 0°
If ¢(z,0) < A®1°°y then 04, 6: = 0
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Examples Multi-scale Diffusions and Stochastic Averaging

Spatial two-level kinetic Monte Carlo
» continuous time Markov jump process ({o¢}t>0, L)
Lf(o) =) c(0,0")(f(0") = f(0))
Embedded Markov Chain {X, = onst}n>0

AN C(U:U,) o !
p(a,a)_W, Ao) =) c(o,0")

o!
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Spatial two-level kinetic Monte Carlo

» continuous time Markov jump process ({o¢}t>0, L)

Lf(o) =) c(0,0")(f(0") = f(0))

o!

Embedded Markov Chain {X, = ons¢}n>0

» construct an approzimating process ({7 }t>0, L)

Lf(o) =) %(0,0")(f(0") = f(0))

o!
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» continuous time Markov jump process ({o¢}t>0, L)
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Embedded Markov Chain {X, = ons¢}n>0
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Examples Multi-scale Diffusions and Stochastic Averaging

Spatial two-level kinetic Monte Carlo
» continuous time Markov jump process ({o¢}t>0, L)
Lf(o) =) c(0,0")(f(0") = f(0))

Embedded Markov Chain {X, = ons¢}n>0

» construct an approzimating process ({7 }t>0, L)
Lf(o) = > %(0,0")(f(o") = f())
al
» use coupling with the coarse process ({n:}+>0,£) T : & — &, To = n.

The coarse generator £ with the rates ¢(n',n)

c¢(mn)as(o'|n',0) = ¢(0,0')(= c(0,0))
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Examples Multi-scale Diffusions and Stochastic Averaging

Approximating embedded Markov chain {Xn}nzoi
Coarse level: n »n' € &

pm) = SISy = 3 et

Microscopic level: ¢’ € &, s.t. To' =7’
accept with the probability

cae(d'|n, o
pe(o'l,0) = ZD s o) mmax ST el o),
)‘Yf(a) m {o":To'=n'}

or reject with the probability

1= Y pulo'ln o).

{o":To'=n"}

Time step: t « t + 6t, 5t ~ Exp(A*(0))
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Examples Multi-scale Diffusions and Stochastic Averaging

Lemma B B .
For any 0 € £ we have A(g) < A*(0) = A(n)At(0).
If we assume ezact sampling then A(o) < X*(0).

Rejection rate:

©905(5) Z 1 _ 3 Prob(o - o') = e(n,n)cie(o'In', 0)
Drej (o) =1 ZP b(e — % Z XAt ()
Ao
)Ar

o'en {o":To'=n'}

L« ey
=1 2 Sopmte) = W

o'ct A

(o)

Note: Lumpable process with respect n = To
> Eo,o') =2(n,7)
{o":To'=n"}
then c¢(o'|n’,0) = 1/|{c’ : To' =n'} for all o' € {0’ : To' = '} such that
Z{U’:Ta’:n’} Crf(a-l|77/7 0') = 1) AI'f(o-) = 1) A(O’) = A(’rl) thus

multi -1 )‘(U) _
Prej (0)=1—s——"—=
X(m)Aee(@)
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Examples Multi-scale Diffusions and Stochastic Averaging

Lemma
Let the coarse rates define an approzimately lumpable process, that s

> Eo,0)=2(n,n')+0(e),

{o":To'=n"}
uniformly in o,n = To,n' for some ¢ > 0. Then

P (o) = O(e).
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Examples Multi-scale Diffusions and Stochastic Averaging

Approximate two-level coarse-grained dynamics

Example: Arrhenius spin-flip dynamics

U(z,o) = US)(z,0) + UW(z,0)
Coarse rates:
calk,n) = c1 (g — (k) , Ca(k,n) = can(k)e PTED
oW (k,n) = Zlezi% J(k, Dn(l) + J(k, k)(n(k) — 1) — 5h(k).

Reconstruction rates:

1_ s
ci(zlk,m) = 1-olz) ci(z|k,n) = o(2) s (@.0)

—n(k)’ n(k)
1
Uv2,0) = ) K(@-v)o(y) - 5h(z),
y#T,YyEAN
1
vO@,0) = ) J—y)o(y) - Fhe).
y#T,yEAN
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Examples Multi-scale Diffusions and Stochastic Averaging

Markov process ({G¢}t>0, L):

E(:E,O') = Ea(k)n)cff(x“cvn) + ad(k)n)cgf(x|kv"7)
= do(1—a(z)) + doo(z)e PV

U(z,0) = UC)(z,0) + TW
Detailed balance: ¢(z, o) satisfy the detailed balance condition with

1 ~
fivg(do) = =P py(do),
Zn

and Zy is the normalization constant corresponding to the Hamiltonian

B(o)= —5 3 S K@ - )o(@)oly) — 5 3 3 I(k(2), Uy))o(2)o(y)

TEAN y#T zEAN y#£T

+ > h(z)o(z).

TEAN
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Examples Multi-scale Diffusions and Stochastic Averaging

Benchmark: Long and short-range interactions

BHE) =53 Y o@)a(v)—51 > Y. o(@)a(v)-h Y o(a)

¢ |e—yl=1 T 2ty

Exactly solvable in d = 1,2 with the explicitly given total coverage
c(K,J,h;B)

Phase diagram h=0
T T T T
] F 2.10
T 3

|  Disordered

J=1.00

15

o J=050

o Bk N w A& O @ N ®

L L Ll L L L L I
-1 -08 -06 *O.Kt -0.2 0 0.2 04 06 0.8
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Examples Multi-scale Diffusions and Stochastic Averaging

: r T T
'
- - - CGMC ' -
09 | —e— Two-level ML-KMC ' = 1
= Thermodynamic limit sol.| 1 T
' '
0.8 1 1 7
' '
' '
orl ' ' il
' '
' '
N ' '
v osl ' ' R
% 1 1
g ' '
3 '
]
8 0.5 1 1 7
P ' '
g ' '
8 g4l ' ' |
; 0.4 N 1
' '
'
03[ 1 I 4
' '
' '
1 1
0.2 1 ) 7
1 '
1 L}
L L ' il
01 s i
'
'
o . , . ;
0 1 2 5 6 7

3Extemal field :|
Figure: K =3, J=5, L= N, N =1024.
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Examples Multi-scale Diffusions and Stochastic Averaging

1 : : : : :
—+— CGMC simulation

0.9 —#— Two-level ML-KMC simulation|
Exact thermodynamic limit sol.

0.8

0.7

0.6

0.5

Average coverage <c>

0 . . . . . .
-25 -2 -15 -1 -05 0 05 1 15 2 25

External field h

Figure: K = -5, J =5, L =20, N =1024, ¢ = N.
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1 T
=== CGMC
~—o— Two-level ML-KMC
09+ = Thermodynamic limit sol.|
08t ]
07 h

Average coverage <c>
o
o
T

03[

0.2

01f

0 I I I I

2 3
External field h

Figure: K = -5, J =10, L =100, N = 1024, g = N.
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8
Mean Exit time
025
6
1,=115
ne’
5
T,=124
u
4
02f T =44
= 3
2
w 1
S 0151
o
0 10 20 30 40 5
01f g
005~ g
L il el R L I
6 8 10 12 14 20 2 2 2 28

Exit time

Figure: Comparing the probability density function of the exit time. K =3, J =5,
h =3.1, L =100, N = 1024, ¢ = N.
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09 -

08 09 -
08

07k -

°
>
I

Average autocorrelation
o
&

Average coverage <c>
&
T

04

04 03 B
02

03 T
01

02 0 200 400 600 800 1000 -

lag
01l =
| | | |
o 5 5 20 25

Real time t
Figure: Average coverage trajectory. K =3, J =5, h = 3.1, L = 100, N = 1024,
g=N.
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05

Mean exit time
T =621
ne

T, =614

T, =593
g

7
Exit time

Figure: Comparing the probability density function of the exit time. K =3, J =5,
h =21, L =100, N =1024, ¢ = N.
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Examples

Multi-scale Diffusions and Stochastic Averaging

Table: Approximation of the mean exit time 7. J =5, ¢ = N, N = 1024 fixed.

Parameters Tm Tl Teg CPU, CPUy; CPUg
microscopic ML-KMC CGMC [sec] [sec] [sec]

L=N

K=0,h=1 28.5 +£0.8 28.3+0.8 28.7+0.8 1534 9 8

K=2h=2 6.40+0.03 6.40+0.03  6.20+0.02 884 6 5

L =100

K =3,h=25 6.20+0.02 6.1+0.03  5.93+0.02 158 9 7

K =3,h =31 11.50+0.06 12.440.1 44.0£0.1 526 45 100
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Mathematical Tools

Stony Brook University, Apr 10, 2014
/ 110



Examples Multi-scale Diffusions and Stochastic Averaging

Table: CPU time (seconds): The evolution final time T'= 20, K =1, J =5,

h=25 L=N,and ¢g=N

Lattice size N Null event

ML-KMC

512

1024
2048
4096
8192

9
33
131
514
2143

0.5
0.9
1.7
4
13
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Path Space Relative Entropy

» Infers information about the path distribution: it contains information
not only for the invariant measure but also for the dynamics.
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Path Space Relative Entropy
» Infers information about the path distribution: it contains information

not only for the invariant measure but also for the dynamics.

» No need for explicit knowledge of invariant measure. Thus, it is suitable
for reaction networks and non-equilibrium steady state systems.
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Path Space Relative Entropy
» Infers information about the path distribution: it contains information

not only for the invariant measure but also for the dynamics.

» No need for explicit knowledge of invariant measure. Thus, it is suitable
for reaction networks and non-equilibrium steady state systems.

» Relative entropy rate # is an observable = tractable and statistical
estimators can provide easily and efficiently its value using KMC solvers.
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Path Space Relative Entropy
» Infers information about the path distribution: it contains information

not only for the invariant measure but also for the dynamics.

» No need for explicit knowledge of invariant measure. Thus, it is suitable
for reaction networks and non-equilibrium steady state systems.

» Relative entropy rate # is an observable = tractable and statistical
estimators can provide easily and efficiently its value using KMC solvers.

» Minimizing the error in H gives optimal parametrization similar to
max-likelihood parameter estimation.
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Path Space Relative Entropy
» Infers information about the path distribution: it contains information

not only for the invariant measure but also for the dynamics.

» No need for explicit knowledge of invariant measure. Thus, it is suitable
for reaction networks and non-equilibrium steady state systems.

» Relative entropy rate # is an observable = tractable and statistical
estimators can provide easily and efficiently its value using KMC solvers.

» Minimizing the error in H gives optimal parametrization similar to
max-likelihood parameter estimation.

» Fisher information matrix allows for parameter identifiability in
parameterization of dynamics [analogue to Cramer-Rao Theorems]
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Conclusions

Conclusions
» Path-Space Information Theory Methods for Hi-Dim. stochastic systems
[in state & parameter space]

» Sensitivity Analysis, Robustness, Parameter Identifiability
» "Best-fit" Coarse-grained Dynamics to fine-scale data
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» Efficient statistical estimators for RER
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Conclusions

Conclusions

» Path-Space Information Theory Methods for Hi-Dim. stochastic systems
[in state & parameter space]

» Sensitivity Analysis, Robustness, Parameter Identifiability
» "Best-fit" Coarse-grained Dynamics to fine-scale data

» Mathematical/Computational tools

» Relative Entropy Rate, Path-Space Fisher Information Matrix
» Efficient statistical estimators for RER
» Sensitivity bounds for observables

» Further Research

» Observables and risk-sensitive bounds

> Synergies with other SA methods: Goal-oriented stochastic coupling
methods

> Global Sensitivity Analysis and Bayesian perspective (prior knowledge on
parameters)

> SA for complex stochastic dynamics (non-gaussian behavior, intermittency,
memory, etc.)
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